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This bibliography is a compilation of 200 lattice gas references, including 
theory and computer simulations. References are given in alphabetical 
order by first author, with the most recent reference first. An attempt was 
made to include articles published since January 1990 which are related to 
the article in the April 1986 Physical Review Letters by Frisch, Hasslacher, 
and Pomeau. Some preprints and reports appear also. An electronic file 
containing an updated form of this bibliography is available upon request 
from GDD @ LANL.GOV. 

There are at least two, almost independent, lattice gas communities: 
one community (whose abstracts appear below) usually moves bits or 
numbers around a lattice while conserving momentum; the other com- 
munity, mostly solid-state theorists, focuses almost exclusively on the Ising 
model. A few of the Ising model papers are included at the end of this 
bibliography to illustrate areas of interest. 

Alexander, F. J., H. Chen, S. Chen, and G. D. Doolen. A lattice-Boltzmann 
model for compressible fluids, Physical Review A, submitted (1992). 
The authors formulate a lattice-Bottzmann model which simulates com- 
pressible fluids. By choosing the parameters of the equilibrium distribution 
appropriately, the authors are able to select the sound speed (which may 
be set arbitrarily low), bulk viscosity and kinematic viscosity. This model 
simulates compressible flows and can include shocks. With a proper 
rescaling and with zero sound speed, this model simulates Burgers' equa- 
tion. The viscosity determined by a Chapman Enskog expansion compares 
well with that measured from simulations. The authors also compare the 
exact solutions of Burgers' equation on the unit circle to solutions of their 
lattice-Boltzmann model, again finding excellent agreement. 

Alexander, F. J., I. Edrei, P. L. Garrido, and J. L. Lebowitz. Phase 
transitions in a probabilistic cellular automaton: Growth kinetics and 
critical properties, J. Stat. Phys. 68:497-514 (1992). 
We investigate a discrete-time kinetic model without detailed balance 
which simulates the phase segregation of a quenched binary alloy. The 
model is a variation on the Rothmann-Keller cellular automaton in which 
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particles of type A (B) move toward domains of greater concentration of 
A (B). Modifications include a fully occupied lattice and the introduction 
of a temperature-like parameter which endows the system with a stochastic 
evolution. Using computer simulations, we examine domain growth 
kinetics in the two-dimensional model. For long times after a quench from 
disorder, we find that the average domain size R(t)~ t U3, in agreement 
with the prediction of Lifshitz-Slyozov-Wagner theory. Using a variety of 
methods, we analyze the critical properties of the associated second-order 
transition. Our analysis indicates that this model does not fall within either 
the Ising or mean-field classes. 

Ancona, M. G. Lattice-gas approach to semiconductor device simulation, 
Solid-State Electronics 33:1633-1642 (1990). 
A new approach to semiconductor simulation is presented which is based 
on a lattice-gas or cellular-automata model and is quite similar to methods 
recently explored in fluid dynamics. The approach obtains a stochastic 
solution to the diffusion-drift partial differential equations describing elec- 
tron transport in semiconductors. The lattice-gas method appears to be 
fairly well-suited to electron transport simulation with its ability to handle 
complex geometry, its ease of programming and its stability being some 
key advantages. In addition, the authors show that the structure of the 
model itself--its Boolean character--leads to a partial inclusion of electron 
degeneracy effects. Finally, the authors make a preliminary assessment of 
the performance of the diffusion-drift lattice-gas model, finding it to be 
competitive with conventional approaches when its inherent parallelism is 
fully exploited. 

Appert, C6cile, Danile H. Rothman, and St/~phane Zaleski. A liquid-gas 
model on a lattice, Physica D 47:85-96 (1991). 
The authors describe a triangular lattice model able to undergo a 
liquid-gas transition. The model is obtained by adding an attractive force 
to the Frisch-Hasslacher-Pomeau gas in the form of non-local interaction. 
Several types of interactions are suggested and their properties are dis. 
cussed. When the attractive forces are strong enough the model decom- 
poses into a dense and a light phase. The equation of state of the model is 
analogous to a van der Waals equation. The theoretical prediction of the 
equation of state, obtained using a Boltzmann or factorization assumption, 
agrees well with numerical observations. The isotropy of the model is tested 
by a numerical computation of the two-dimensional power spectrum. 

Appert, C6cile, and St6phane Zaleski. Lattice gas with a liquid-gas tran- 
sition, Phys. Rev. Lett. 64:14 (1990). 
The authors discuss a new momentum-conserving lattice-gas model in 
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which particles are allowed to exchange momentum between distant sites. 
The interactions may be tuned so that a first-order transition occurs 
between a dense and a light phase. An equation of state may be predicted 
with the assumption that the lattice is in a factorized state just after the 
particles have propagated. This method accurately predicts the pressure of 
the stable and unstable states. 

Bagnoli, B., F. Chopard, M. Droz, and L. Frachebourg. Critical behavior of 
a diffusive model with one adsorbing state, J. Phys. A, in press (1992). 
We study the critical behavior of a nonequilibrium model for adsorption- 
desorption with diffusion. Without diffusion it is found that the critical 
exponents belong to the universality class of directed percolation as already 
shown for sequential dynamics. When diffusion is present, the critical 
behavior can be described in terms of a crossover between the directed 
percolation regime and a dynamical mean-field regime associated with the 
case of arbitrarily large diffusion. 

Bardos, C., F. Golse, and D. Levermore. Fluid dynamic limits of discrete 
velocity kinetic equations, in Advances in Kinetic Theory and Continuum 
Mechanics, R. Gatignol and Soubbaramayer, eds. (Springer-Verlag, Berlin, 
1991), pp. 57-71. 
The connection between discrete velocity kinetic theory and fluid dynamics 
is systematically described. Conditions that formally lead to generalized 
compressible Euler equations or to generalized incompressible Navier- 
Stokes equations are given. These conditions are related to an H-theorem. 
A large class of polynomial collision operators in semidetailed balance is 
proven to satisfy this H-theorem. Finally, results are given concerning the 
global validity in time of the convergence for the case when the formal 
scaling leads to the linearized incompressible Navier-Stokes limit. 

Bagnoli, F., M. Droz, and L. Fraehebourg. Ordering in a one dimensional 
driven diffuse system with parallel dynamics, Physica A 179:269 (1991). 
We study a cellular automata version of a one dimensional lattice-gas 
model in presence of an external field. This system obeys a generalized 
Kawasaki like dynamics that conserves the number of particles but 
privileges particles hopping in one direction. Although the clustering 
properties do not differ qualitatively from the ones of an equilibrium Ising 
chain, we observe in our model a sharp transition of the value of the 
stationary Hamming distance between two randomly chosen configurations 
submitted to the same thermal noise when varying the temperature or the 
external field. This transition between a so-called ordered phase and a 
disordered one reflects the nonequilibrium aspect of the problem. 
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Benzi, R., and S. Succi. Two-dimensional turbulence with the lattice 
Boltzmann equation, J. Phys. A. Math. Gen. 23:L1-5 (1990). 
The authors investigate the ability of the lattice Boltzmann equation to 
reproduce the basic physics of fully turbulent two-dimensional flows and 
present a qualitative estimate of its computational efficiency with respect to 
other conventional techniques. 

Benzi, R., M. Vergassola, and S. Succi. Turbulence modeling by hon- 
hydrodynamic variables, Europhys. Lett. 13(8):727 (1990). 

Bernardin, D., O. E. Sero-Guillaume, and C. H. Sun. Multispecies 2D lattice 
gas with energy levels: Diffusive properties, Physica D 47:169-188 (1991). 
The authors consider two particular applications of a multispecies, multi- 
speed lattice gas with energy levels. In the first one, the authors study the 
mass diffusion properties of a model where the collisions preserved the 
partial masses. In the second one, the authors are looking at heat diffusion 
for a model where the total mass, momentum and energy are the only 
conserved quantities. The diffusion equations are derived by the Chapman- 
Enskog method and some numerical simulations are presented. 

Bernardin, D., O. E. Sero-Guillaume, and C. H. Sun. Thermal conduction 
in 2D lattice gases, in Proceedings Euromech Colloquium 267. Series on 
Advanced Mathematics for Applied Sciences, A. S. Alves, ed. (World 
Scientific, Singapore, 1991), pp. 72-84. 
The authors show that for all usual 2D hexagonal models, the only con- 
served quantities being the total mass, the total momentum and the total 
energy, one can define a temperature as a function of the density and the 
internal energy, in such a way that for low mean velocities the heat flux 
exactly obeys a Fourier law. This expression for the heat flux is derived 
from the Boltzmann equations using a Chapman-Enskog method. In order 
to illustrate this property, the authors propose numerical simulations of 
heat diffusion experiments. 

Bernardin, D., and O. E. Sero-Guillaume. Lattice gases mixtures models for 
mass diffusion, Eur. J. Mech. B Fluids 9(1):2146 (1990). 
A general model for mixtures of gases on a lattice is proposed. Its 
dissipative properties are studied using a Chapman-Enskog expansion of 
its Boltzmann Equation. For nonreactive gases, general expressions for the 
diffusion coefficients and the viscosity are given at low mean velocity. Two- 
component mixtures are more completely studied and a detailed example 
is proposed. 

Binder, P. M., and M. H. Ernst. Lattice gas automata with time-dependent 
collision rules, Physica A 164:91-104 (1990). 
Particle-scatterer models with time-dependent collision rules in two-dimen- 
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sional square and triangular lattices are studied. Very good agreement is 
seen between analytical and molecular dynamics results for the diffusion 
coefficient at all scatterer concentrations. The results differ significantly 
from the corresponding analysis for stochastic dynamics. In all square- 
lattice Lorentz models there is a spurious diffusion mode; its transport 
coefficient has the same value as the usual diffusion coefficient. The long- 
time tails with a high frequency modulation, observed in computer simula- 
tions, are explained in terms of this spurious mode. 

Binder, P. M., and D. Frenkel. Direct measurement of correlation functions 
in a lattice Lorentz gas, Phys. Rev. A 42:2463 (1990). 
We report simulation of a two-dimensional ballistic Lorentz gas on a 
lattice. A moment-propagation technique allows direct measurements of the 
velocity correlation function and its moments with low relative errors for 
all times. We observe the predicted t -2 algebraic tails in the velocity 
correlation function at all studied scatterer densities, unlike what has been 
reported for continuous systems. In the square lattice, a fast [ ( - 1 )  t] 
oscillation is observed, consistent with the existence of staggered density 
modes. For the second-rank tensor correlation function we find an 
extremely slow approach to the expected t-3 tail. 

Boghosian, Bruce M. Lattice gases illustrate the power of cellular automata 
in physics, Computers Phys. 5(Nov./Dec.):585-590 (1991). 
Over the past few years, lattice-gas simulations have developed into a 
powerful tool for the study of hydrodynamics and kinetic theory. 

Boon, J. P. Statistical mechanics and hydrodynamics of lattice gas 
automata: An overview, Physica D 47:3-8 (1991). 
Some of the issues raised by recent work on lattice gas automata are 
reviewed. 

Boon, J. P., and D. Dab. A class of lattice gas automata for Ginzburg- 
Landau type equations, in Proceedings Euromech Colloquium 267. Series 
on Advanced Mathematics for Applied Sciences, A. S. Alves, ed. (World 
Scientific, Singapore, 1991), pp. 23(~231. 
(No abstract) 

Boon, Jean Pierre. Lattice gas automata: A new approach to the simula- 
tion of complex flows, in Microscopic Simulations of Complex Flow, 
M. Mareschal, ed. (Plenum Press, New York, 1990), pp. 2546. 
(No abstract) 

Brieger, Leesa, and Ernesto Bonomi. A stochastic lattice gas for Burgers' 
equation: A practical study, J. Star. Phys., to appear (1992). 
We continue our investigation of stochastic lattice gases as a (highly 
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parallel) means of simulating given PDEs, in this case Burgers' equation in 
one dimension. The lattice dynamics consist of stochastic unidirectional 
particle displacement, and our attention is turned toward the reliability of 
the model, i.e., its ability to reproduce the unique physical solution of 
Burgers' equation. Lattice gas results are discussed and compared against 
finite-difference calculations and exact solutions in examples which include 
shocks and rarefaction waves. 

Brieger, Leesa, and Ernesto Bonomi. A stochastic cellular automaton model 
of nonlinear diffusion and diffusion with reaction, J. Comp. Phys. 
94(2):467486 (1991). 
This article presents a stochastic cellular automaton model of diffusion and 
diffusion with reaction. The master equations for the model are examined 
and the authors assess the difference between the implementation in which 
a single particle at a time moves (asynchronous dynamics) and one 
implementation in which all particles move simultaneously (synchronous 
dynamics). Biasing locally eabh particle's random walk, the authors alter 
the diffusion coefficients of the system. By choosing appropriately the 
biasing function, the authors can impose a desired non-linear diffusive 
behavior in the model. The authors present an application of this model, 
adapted to include two diffusing species, two static species and a chemical 
reaction in a prototypical simulation of carbonation in concrete. 

Brito, R., and M. H. Ernst. Propagating staggered waves in cellular 
automata fluids, J. Phys. A 24:3331 (1991). 
The majority of lattice gases have, apart from the physical conserved quan- 
tities of particle number, momentum and energy, spurious ones, usually 
staggered in space and time. At the level of linear excitations these 
staggered modes may be purely diffusive or damped propagating waves. In 
the 8- and 9-bits model on the square lattice we find a large number of new 
spurious modes, we derive Green-Kubo relations for the diffusivities and 
damping constants and calculate them in the Boltzmann approximation. 

Brito, R., and M. H. Ernst. Lattice gases in slab geometries, Phys. Rev. A 
44:8384 (1991). 
Non-mean-field type excess correlations at short times are present in 3-D 
computer simulations of the VACF, but absent in l-D, 2-D and 4-D. They 
are caused by ring collisions in a quasi-3-D slab of size 2 • L • L • L in a 
Face Centered Hypercubic lattice with periodic boundary conditions, 
which is the only available lattice gas cellular automaton with 3-D 
isotropic fluid flow. We evaluate this excess correlation. The simulation 
data agree very well with our exact result. 
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Brito, R., M. H. Ernst, and T. R. Kirkpatrick. Staggered diffusivities in 
lattice gas cellular automata, J. Star. Phys. 62:283-295 (1991). 
The majority of LGCAs have spurious conservation laws, the so-called 
staggered invariants, first discovered by Kadanoff, McNamara, and 
Zanetti. Consequently there are additional hydrodynamic modes of dif- 
fusive type, which modify mode coupling theories and the nonlinear fluid 
dynamic equations. The diffusivities of these staggered modes are evaluated 
in the mean field approximation for LGCAs on triangular lattices, starting 
from the Green-Kubo formulas for the staggered diffusivities. 

Brito, R., M. H. Ernst, and T. R. Kirkpatrick. Soft modes in CA-fluids at 
finite wave numbers, in Proceedings Euromech Colloquium 267. Series on 
Advanced Mathematics for Applied Sciences, A. S. Alves, ed. (World 
Scientific, Singapore, 1991), pp. 198-207. 
(No abstract) 

Brosa, U. Direct simulation of a permeable membrane, J. Phys. (Paris) 
(1990). 
Cellular automata are used to compute flow through a permeable 
membrane. Scattering centers constitute the membrane. This is in marked 
contrast to the approach of classical hydrodynamics which represents a 
membrane by a boundary condition. With the scattering centers the author 
obtains different, but more plausible results indicating that simple diffusion 
is the dominating process in a porous layer. The author has thus a case 
where cellular automata show superiority over the classical methods of 
theoretical hydrodynamics. 

Bnssemaker, H. J., and M. H. Ernst. Biased lattice gases with correlated 
equilibrium states, J. Stat. Phys. 68:431M56 (1992). 
The approach to and structure of the equilibrium state is studied for a 7-bit 
lattice gas with biased forward and backward transition rates by means of 
mean field theory and computer simulations. If the rate constants obey the 
factorizability and the detailed balance conditions, the occupations of 
different velocity directions are uncorretated, an H-theorem is valid, 
and a nonuniversal equilibrium state exists that depends explicitly on 
the transition rates. In case the above conditions are not satisfied, the 
H-theorem is no longer valid, and mean field theory also predicts non- 
trivial velocity correlations in postcollision states. The simulations are 
mainly concentrated on the time dependence of pre- and postcollision 
velocity correlations on a single node, and on slowly increasing fluctuations 
that might indicate metastable behavior. 
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Cabannes, H. On the initial-value problem in discrete kinetic theory, in 
Proceedings Euromech Colloquium 267. Series on Advanced Mathematics for 
Applied Sciences, A. S. Alves, ed. (World Scientific, Singapore, 1991), 
pp. 60-71; and Eur. J. Mech. B Fluids 10:207-224 (1991). 
The author proves that for some discrete models of the Boltzmann 
equation, the initial value problem possesses a global solution in time, even 
for partially negative initial data. 

Cabannes, Henri. Global solution of the discrete Boltzmann equation with 
multiple collisions, C. R. Acad. Sci. Paris 1 313:143-148 (1991). 
The case of multiple collisions in the discrete Boltzmann equation is con- 
sidered. We establish sufficient conditions to be verified by the discrete 
models of the Boltzmann equation, so that the one-dimensional initial 
value problem possesses a global solution in time, under the constraint that 
the initial densities and initial mass are positive and bounded. 

Cancelliere, A., C. Chang, E. Foti, D. Rothman, and S. Succi. The per- 
meability of a random medium: Comparison of simulation with theory, 
Phys. Fluids A 2:2085-2088 (1990). 
The authors present the results of numerical simulations of the lattice- 
Boltzmann equation in three-dimensional porous geometries constructed 
by the random positioning of penetrable spheres of equal radii. Numerical 
calculations of the permeability are compared with previously-established 
rigorous variational upper bounds. The numerical calculations approach 
the variational bounds from below at low solid fractions and are always 
within one order of magnitude of the best upper bound at high solid- 
fractions ranging up to 0.98. At solid fractions less than 0.2 the calculated 
permeabilities compare well with the predictions of Brinkman's effective- 
medium theory, whereas at higher solid fractions the authors obtain a good 
fit with a Kozeny-Carman equation. The computations serve as an instruc- 
tive example of how the lattice-Boltzmann method, a variant of lattice-gas 
automata, may be applied to the study of flows in complex geometries. 

Cantor, Robert S., and Peter M. Mcllroy. Statistical thermodynamics of 
flexible-chain surfactants in monolayer films, J. Chem. Phys. 90:4431 
(1989). 
A modified cubic lattice model of chain conformations is incorporated 
within the general theory developed in the preceding article, and used to 
predict pressure-area isotherms for monolayers at the interface between 
water and a hydrophobic "solvent." The statistical weight of each cubic 
lattice conformation is determined by enumerating all rotational isomeric 
states, and then performing a Boltzmann sum over the set of RIS confor- 
mers best described by that cubic lattice state. 
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Cereignani, Carlo. EUROMECH 267: Discrete models of fluid dynamics, 
Transport Theory Stat. Phys., to appear (1991). 
This is a conference summary of the EUROMECH 267 meeting held in 
Coimbra, Portugal, September 1990. 

Cercignani, C. The trend to equilibrium in discrete and continuous kinetic 
theory: A comparison, in Proceedings Euromech Colloquium 267. Series 
on Advanced Mathematics for Applied Sciences, A. S. Alves, ed. (World 
Scientific, Singapore, 1991), pp. 12-21. 
The trend to equilibrium can be completely different for the usual kinetic 
theory with continuous velocity and discrete velocity models. Here a 
theorem of trend to equilibrium for continuous velocities is proved and a 
few cases of absence of trend to a homogeneous equilibrium for kinetic 
models is discussed. 

Chan, C. K., and N. Y. Liang. Critical phenomena in an immiscible lattice- 
gas cellular automaton, Europhys. Lett. 13:495-500 (1990). 
A temperaturelike parameter is added to an immiscible lattice gas through 
the modification of the collision rule in a Monte Carlo manner. It is 
found that the lattice gas undergoes a phase transition from miscible to 
immiscible as the temperature is lowered. Critical phenomena similar to 
those of a thermal system are observed. The critical exponent /? of the 
coexistence curve is found to be 0.3. 

Chauvat, Ph., and R. Gatignol. Macroscopic variables in discrete kinetic 
theory, in Proceedings Euromech Colloquium 267. Series on Advanced 
Mathematics for Applied Sciences, A. S. Alves, ed. (World Scientific, 
Singapore, 1991), pp. 1-11. 
The aim of this paper is to describe a method allowing the determination 
of summational invariants in discrete kinetic theory. With the velocity vec- 
tors, the authors construct two linear spaces: one over the set of rational 
numbers and the other over the set of real numbers. The authors prove 
that, if the authors take into account all the collisions, the possible 
presence of spurious invariants results from the fact that the dimension of 
the vectorial space generated by the family of the rational numbers is 
greater than the dimension of the real number space generated by the same 
vectors. Moreover, the authors give a physical interpretation to all the 
invariants. 

Chen, Hudong, Shiyi Chen, and W. H. Matthaeus. Recovery of the 
Navier-Stokes equations using a lattice gas Boltzmann method, Bartol 
Research Institute preprint (1992). 
It is known that the FHP lattice gas automaton model and related models 
possess some rather unphysical effects. These are, (1) a non-Galilean 
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invariance caused by a density-dependent coefficient in the convection 
term; and (2) a velocity-dependent equation of state, In this paper, we 
show that both of these effects can be eliminated exactly in a lattice 
Boltzmann equation model. 

Chen, H., S. Chen, G. D. Doolen, and W. H. Matthaeus. A brief description 
of lattice gas models for multiphase flows and magnetohydrodynamics, 
in 1929 Lectures in Complex Systems, SFI Studies in the Sciences of 
Complexity, Lecture Volume II, Erica Jen, ed., (Addison-Wesley, 1990), 
pp. 389-399. 
Lattice gas models for single phase fluids, multiphase fluids, and for 
magnetohydrodynamic fluids are briefly described. 

Chen, W., W. H. Matthaeus, and L. W. Klein. Theory of multicolor lattice 
gas: A cellular automaton Poisson solver, J. Computational Phys. 
88:433466 (1990). 
A class of cellular automata models is considered, consisting of a quiescent 
hydrodynamic lattice gas with multiple-valued passive labels or "colors." 
Controlled sources of particle color are introduced on the lattice, as are 
collisions that change individual particle colors while preserving net color. 
This lattice gas model is shown to be equivalent, in steady state, to a solu- 
tion to a Poisson equation, with source function proportional to the rate 
of color introduction and inversely proportional to the intrinsic color dif- 
fusivity. The rigorous proofs of the essential features of the multicolor lat- 
tice gas are facilitated by use of an equivalent "subparticle" representation 
in which the color is represented by underlying two-state "spins." Theorems 
deduced in this way are valid for arbitrary numbers of allowed color 
values. For example, it is shown that the color diffusivity depends only on 
the density, for all models of this type. Some preliminary investigations of 
the efficiency and accuracy of the method are also discussed. Rates of 
relaxation to the steady state are estimated and schemes for introducing 
Dirichlet and Neumann boundary conditions are described. Two simple 
numerical test cases are presented that verify the theory. These results, 
most of which easily generalize to three dimensions, suggest that a lattice 
gas of this type may be a useful tool for solution of the Poisson equation. 

Chen, Shiyi, Daniel O. Martinez, W. H. Matthaeus, and Hudong Chen. 
Magnetohydrodynamics computations with lattice gas automata, J. Stat. 
Phys. 68:591-610 (1992). 
Lattice gas automata have received considerable interest for the last several 
years and possibly may become a powerful numerical method for solving 
various partial differential equations and modeling different physical 
phenomena because of their discrete and parallel nature and the capability 
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of handling complicated boundaries. In this paper, we present recent 
studies on the lattice gas model for magnetohydrodynamics. The FHP-type 
lattice gas model has been extended to include a bidirectional random walk 
process, which allows well-defined statistical quantities, such as velocity 
and magnetic field, to be computed from the microscopic particle represen- 
tation. The model incorporates a new sequential particle collision method 
to increase the range of useful Reynolds numbers in the model, an improve- 
ment that may also be of use in other lattice gas models. In the context of 
a Chapman-Enskog expansion, the model approximates the incompressible 
magnetic hydrodynamic equations in the limit of low Mach number and 
high ft. Simulation results presented here demonstrate the validity of the 
model for several basic problems, including sound wave and Alfv6n wave 
propagation and diffusive Kolmogorov-type flows. 

Chen, Shiyi, Zhang Wang, Xiaowen Shah, and Gary D. Doolen. Lattice 
Boltzmann computational fluid dynamics in three dimensions, J. Stat. 
Phys. 68:379-400 (1992). 
The recent development of the lattice gas method and its extension to the 
lattice Boltzmann method have provided new computational schemes for 
fluid dynamics. Both methods are fully parallel and can easily model many 
different physical problems, including flows with complicated boundary 
conditions. In this paper, basic principles of a lattice Boltzmann computa- 
tional method are described and applied to several three-dimensional 
benchmark problems. In most previous lattice gas and lattice Boltzmann 
methods, a face-centered-hypercubic lattice in four-dimensional space was 
used to obtain an isotropic stress tensor. To conserve computer memory, 
we develop a model which requires 14 moving directions instead of the 
usual 24 directions. Lattice Boltzmann models describing two-phase fluid 
flows and magnetohydrodynamics can be developed based on this simpler 
14-directional lattice. Comparisons between three-dimensional spectral 
code results and results using our method are given for simple periodic 
geometry. An important property of the lattice Boltzmann method is that 
simulations for flow in simple and complex geometries have the same speed 
and same efficiency, while all other methods, including the spectral method, 
are unable to model complicated geometries efficiently. 

Chen, Shiyi, Hudong Chen, Gary D. Doolen, Semion Gutman, and Minxu 
Lee. A lattice gas model for thermohydrodynamics, J. Stat. Phys. 
62:1121-1151 (1991). 
The lattice gas model is extended to include a temperature variable in 
order to study thermohydrodynamics, the combination of fluid dynamics 
and heat transfer. The compressible Navier-Stokes equations are derived 
using a Chapman-Enskog expansion. Heat conduction and convection 
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problems are investigated, including Bdnard convection. It is shown that 
the usual rescaling procedure can be avoided by controlling the tem- 
perature. 

Chen, S., H. Chen, G. D. Doolen, Y. C. Lee, and H. Rose. Lattice gas 
automata models for nonideal gas fluids, Physica D 47:97 111 (1991). 
A lattice gas model with a nonideal gas equation of state is presented. 
Transitions between the solid and gas phase are described. Computer 
simulations of applications of this model to shock waves are discussed. 
Generalization of this model to liquid crystal flow is also outlined. 

Chen, Shiyi, Hudong Chen, Daniel Martinez, and W. H. Matthaeus. Lattice 
Boltzmann model for simulation of magnetohydrodynamics, Phys. Rev. 
Lett. 67:3776-3779 (1991). 
A numerical method, based on a discrete Boltzmann equation, is presented 
for solving the equations of magnetohydrodynamics (MHD). The algo- 
rithm provides advantages similar to the cellular automaton method in 
that it is local and easily adapted to parallel computing environments. 
Because of much lower noise levels and less stringent requirements on 
lattice size, the method appears to be more competitive with traditional 
solution methods. Examples show that the model accurately reproduces 
both linear and nonlinear MHD phenomena. 

Chen, S., K. Diemer, G. D. Doolen, K. Eggert, C. Fu, S. Gutman, and 
B. J. Travis. Lattice gas automata for flow through porous media, 
Physica D 47:72-84 (1991). 
Lattice gas hydrodynamic models for flows through porous media in two 
and three dimensions are described. The computational method easily 
handles arbitrary boundaries and a large range of Reynolds numbers. 
Darcy's law is confirmed for Poiseuille flow and for complicated boundary 
flows. Multiply connected pore structures similar to actual sandstone with 
fixed fractal dimension and porosity are generated. Permeability as a 
function of fractal dimension and porosity is calculated and compared with 
results of other methods and experiments. 

Chen, S., G. D. Doolen, K. Eggert, D. Grunau, and E. Y. Loh. Lattice gas 
simulations of one and two-phase fluid flows using the Connection 
Machine 2, in Proceedings Euromech Colloquium 267. Series on Advanced 
Mathematics for Applied Sciences, A. S. Alves, ed. (World Scientific, 
Singapore, 1991), pp. 232-248. 
In this paper, the authors report recent lattice gas simulations for single- 
phase and two-phase flows for two-dimensional problems using the Con- 
nection Machine 2. For the single-phase fluid problem, the authors use the 
standard 7-bit lattice gas model with the maximum collision rules. The 
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velocity and vorticity field of the Kelvin-Helmholtz instability is studied. It 
is shown that the lattice gas method preserves the main properties of the 
flow patterns observed in other numerical simulations. Using colored par- 
ticles and holes, the lattice gas method is extended to simulate immiscible 
fluids with adjustable surface tension, using a purely local collision scheme. 
The locality of this model allows us to implement a very fast and parallel 
algorithm on the Connection Machine 2. Because this new model correctly 
describes short-range particle-particle interactions between liquids and also 
particle-solid interactions between the fluid and the wall, cohesion and 
wettability can be simulated. Applications of the current model to several 
physical systems including spinodal decomposition, Rayleigh-Taylor flows, 
and wettability in two-phase flows through porous media are discussed. 

Chen, S., G. D. Doolen, K. Eggert, D. Grunau, and E. Y. Lob. Local lattice- 
gas model for immiscible fluids, Phys. Rev. A 43:7053-7056 (1991). 
The authors present a lattice-gas model for two-dimensional immiscible 
fluid flow with surface tension that uses strictly local collision rules. Instead 
of using a local total color flux as Somers and Rein [Physica D 47, 39 
(1991)], they use local colored holes to be the memory of particles of the 
same color. Interactions between walls and fluids are included that produce 
arbitrary contact angles. 

Chen, Shiyi, G. D. Doolen, and W. H. Matthaeus. Lattice gas automata for 
simple and complex fluids, J. Slat. Phys. 64:1133-1162 (1991). 
The authors review some recent applications of lattice gas automata, 
including flow through porous media, phase transitions, thermohydro- 
dynamics, and magnetohydrodynamics. 

Chen, Shiyi, Yaosong Chen, and Gary D. Doolen. Lattice gas simulation of 
viscous flow in a cavity, Scientia Sinica A 33:1072 (1990). 
The lattice gas model is extended to include a temperature variable in 
order to study thermohydrodynamics, the combination of fluid dynamics 
and heat transfer. The compressible Navier Stokes equations are derived 
using a Chapman-Enskog expansion. Heat conduction and convection 
problems are investigated, including B~nard convection. It is shown 
that the usual rescaling procedure can be avoided by controlling the 
temperature. 

Cheng, Z., J. L. Lebowitz, and E. R. Speer. Microscopic shock structure in 
model particle systems: The Boghosian Levermore cellular automaton 
revisited, Commun. Pure Appl. Math. 44:971-979 (1991). 
The authors carried out new computer simulations of the Boghosian- 
Levermore stochastic cellular automaton for the Burgers equation. The 
existence of an extra "conservation law" in the dynamics--even and odd 
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lattice sites exchange their contents at every time step--implies that the 
automaton decomposes into two independent subsystems; the simulations 
show that the density from each subsystem exhibits a "shock front," which 
does not broaden with time. The location of the shock in a particular 
microscopic realization differs from that predicted by the Burgers equation 
by an amount which depends only on the initial microscopic density of the 
particle system, that is, fluctuations in the stochastic dynamics do not affect 
the shock profile on the time scale considered. This is in complete accord 
with theoretical expectations. The apparent broadening of the shock in 
the original Boghosian-Levermore simulations is shown to result from 
averaging the two subsystem densities. 

Chopard, Bastien, Michel Droz, and L. Frachebourg. Damage spreading 
and critical behavior of cellular automata models of nonequilibrium phase 
transition, in Proceedings of "Evolution and Complexity," Les Houches, 
March 1990, R. Livi et al., eds. (Nova Science Publishers, to appear). 
Simple cellular automata models of nonequilibrium phase transitions are 
studied. These markovian models are characterized by the fact that they 
have two possible states at each site and one adsorbing phase. One shows 
that, below the transition point, the Hamming distance is exactly related to 
the one and two-point nonequilibrium correlation function. The divergence 
of the Hamming distance at criticality gives a precise determination of the 
transition point. Furthermore, the study of the order parameter near criti- 
cality shows that the critical exponent/~ is not always compatible with the 
exponent of directed percolation, in contradistinction to a conjecture of 
Grassberger. 

Chopard, Bastien, S. Cornell, and Michel Droz. On the role of fluctuations 
for inhomogeneous reaction-diffusion phenomena, Phys. Rev. A 44: 
4826-4832 (1991). 
Although fluctuations have been known to change dramatically the long- 
time behavior of homogeneous diffusion-reaction phenomena in dimension 
d~<4, simulations of reaction fronts in two dimensional A + B - , C  
inhomogeneous systems have only shown marginal departure from mean- 
field behavior. We perform cellular automata simulations of the one-dimen- 
sional case, and find that the width W(t) of the reaction front behaves as 
t ~176176176 in contrast to mean-field behavior t ~/6. We develop a scaling 
theory to obtain inequalities for the exponents in the more general 
mechanism nA + roB-.  C. Heuristic arguments about the range of fluctua- 
tions imply that the mean-field behavior should be correct in dimensions 
larger than an upper critical dimension dup = 2, irrespective of the values of 
n and m. This leads us to reinterpret the two-dimensional data obtained 
previously in terms of a logarithmic correction to mean-field behavior. 
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Chopard, Bastien, and Michel Droz. Microscopic study of the properties of 
the reaction front in an A + B ~ C reaction-diffusion process, Europhys. 
Lett. 15:459-464 (1991). 
A cellular automata model of the reaction-diffusion process A + B ~ C 
studied by G/tiff and R/tcz is proposed. Numerical simulations on a two- 
dimensional system show that the reaction rate obeys a scaling form 
R(x, t)=t-BF(xt-~), in the long time regime. The exponent ~ which 
characterizes the width of the reaction region is found to be 0.186 _+ 0.005, 
in disagreement with the mean field value of 0.1667 obtained by G/tlfi and 
R/tcz. Moreover, the discrepancy between the amplitude of the reaction 
rate of our automata model and its mean field approximation corroborates 
the belief that the microscopic fluctuations play a relevant role in this 
nonequilibrium phenomenon. 

Chopard, Bastien, and Michel Droz. Cellular automata model for the 
diffusion equation, J. Star. Phys. 64:859-892 (1991). 
We consider a new Cellular Automata rule for a synchronous random walk 
on a two-dimensional square lattice, subject to an exclusion principle. It is 
found that the macroscopic behavior of our model obeys the Telegraphist's 
equation with an adjustable diffusion constant. By construction, the 
dynamics of our model is exactly described by a linear discrete Boltzmann 
equation which is solved analytically for some boundary conditions. 
Consequently, the connection between the microscopic and the macro- 
scopic descriptions is obtained exactly and the continuous limit studied 
rigorously. The typical system size for which a true diffusive behavior is 
observed may be deduced as a function of the parameters entering into the 
rule. It is shown that a suitable choice of these parameters allows us to con- 
sider quite small systems. In particular, our cellular automata model can 
simulate the Laplace equation to a precision of the order (2/L) 6, where L 
is the size of the system and 2 the lattice spacing. Implementation of this 
algorithm on special purpose machines leads to the fastest way to simulate 
diffusion on a lattice. 

Chopard, Bastien, H. Herrmann, and T. Vicsek. Structures and growth 
mechanism of mineral dendrites, Nature 353:409-412 (1991). 
We investigate the fractal properties of various mineral dendrites. A lattice 
reaction-diffusion model is proposed to describe the formation of these 
dendrites and the experimental results are compared with those obtained 
from numerical simulations. 

Chopard, Bastien. A cellular automata model of large scale moving objects, 
J. Phys. A 23:1671-1687 (1990). 
The author proposes a reversible and local rule that allows large scale 
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objects called "strings" to move with adjustable speed and energy in a 
three-dimensional space. The author shows that the motion of these strings 
is governed by discrete Hamiltonian equations and mediated by one 
longitudinal and two transverse sound waves that propagate along the 
string. This rule is a first attempt to model a solid body with a cellular 
automaton. It also provides interesting possibilities for simulating new 
physical situations. 

Chopard, Bastien, and Michel Droz. Cellular automata model for diffusion 
processes, in Proceedings of "Evolution and Complexity," Les Houches, 
March 1990, R. Livi et al., eds. (Nova Science Publishers, to appear). 
The authors study a cellular automata model for a synchronous random 
walk of many particles subject to an exclusion principle. A diffusive 
behavior with an adjustable diffusion constant is obtained. The macro- 
scopic and continuous limits of the model are discussed. Deviations from 
Fick's law Otp=DV2p are observed for finite size systems and non- 
hydrodynamical regimes. The telegraphers equation appears to be the 
natural way of describing our model, as a result of the finite speed of the 
particles. For a stationary state, it is found that the parameters of the rule 
can be chosen in order to solve with a very good accuracy the Laplace 
equation, even for small size systems. 

Choquet-Bruhat, Y., and G. Pichon. Plasmas with discrete velocities, in 
Proceedings Euromech Colloquium 267. Series on Advanced Mathematics for 
Applied Sciences, A. S. Alves, ed. (World Scientific, Singapore, 1991), 
pp. 85-96. 
The authors apply the general scheme for discrete Boltzmann equations on 
a tangent fiber bundle to obtain the Maxwell-Boltzmann system satisfied 
by a plasma where the velocities take only a finite number of values. The 
authors show that the system is not strictly hyperbolic in the sense of 
Leray-Ohya. The authors consider then the case of a plasma in a given 
electromagnetic field. The authors construct solutions with electric field 
equal to zero for the magnetic field of a rotating body. 

Ciiffe, K. A., R. D. Kingdon, and P. Schofield. Lattice gas simulations of 
free-boundary flows, Physica D 47:275-280 (1991). 
Within a very short time, many spectacular results have been produced to 
demonstrate the potential of lattice gas hydrodynamics (LGH) to predict 
the behavior of systems governed by the Navier-Stokes and related equa- 
tions at low to moderate Reynolds numbers. However, in order for LGH 
to be accepted as an alternative to conventional computational fluid 
dynamics (CFD) methods for the modeling of flows of practical impor- 
tance, it is necessary to demonstrate in some specific cases that LGH has 
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clear advantages over CFD, either where problems remain intractable to 
the latter or where LGH could give savings in computational resources. 

Cohen, E. G. D. New types of diffusion in lattice gas cellular automata, 
Lectures presented at the Summer school "Microscopic Simulations of 
Complex Hydrodynamic Phenomena," Alghero, Sardinia (1991). [To be 
published by Plenum Press, New York (1992).] 
These lectures are concerned with Lorentz lattice gas cellular automata 
(LLGCA), a subclass of lattice gas cellular automata (LGCA). While in 
LGCA identical point particles move on a lattice and upon encounter scat- 
ter according to certain scattering rules, in LLGCA there are two kinds of 
point particles: moving particles and fixed, i.e., infinitely heavy, particles or 
scatterers that function as obstacles for the moving particles in their motion 
through the (in principle infinite) lattice. The name of Lorentz is used here, 
because he considered for the first the motion of small, light particles 
through heavy particles. The lattice distance, time step and speed of the 
moving particles are taken to be in unity. The moving particles move, inde- 
pendently of each other (i.e., there are no collisions between them) along 
the bonds of a lattice, colliding only with the fixed scatterers. The scatterers 
are randomly placed on the lattice sites and in this sense one studies 
motion in a random medium. If a moving particle arrives at an empty lat- 
tice site, where there is no scatterer, it moves in the next (discrete) time 
step to the nearest neighbor lattice site in the direction of its velocity. If the 
lattice site is occupied by a scatterer, the collision rules prescribe the posi- 
tion and velocity of the particle after the collision, which takes place instan- 
taneously. Two types of collision rules will be considered here: probabilistic 
and deterministic. In LLGCA there is no momentum conservation of the 
particles, only number (and energy). As a consequence, diffusion rather 
than hydrodynamic flow can be studied. The main question is then: 
what is the nature of the motion of the particles through the obstacles 
(scatterers)? Is it diffusion, i.e., can it be described by a diffusion equation 
with a well-defined diffusion coefficient, D ? If so, how does this diffusion 
coefficient depend on the nature and density of the scatterers and to 
what extent does it mimic diffusion of point particles through obstacles in 
continuous space and time? 

Cornell, S., R. Dickman, M. Droz, and M. C. Marques. Competing two 
species directed percolation, J. Phys. A 24:5605 (1991). 
We study a three-state probabilistic cellular automata describing an exten- 
sion of conventional directed percolation (DP) with two species (A and B) 
using mean-field and Monte Carlo methods. The densities of the two 
species in the steady-state exhibit phase transitions which are due both to 
simple percolation and to competition between the species. In 1 + 1 dimen- 
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sions, as well as a simple DP transition, there is a line of first-order 
transitions between pure-A and pure-B phases. The phase diagram in 2 + 1 
dimensions agrees qualitatively with that obtained from mean-field calcula- 
tions, with second-order transitions between pure and mixed phases. 
Preliminary studies suggest that the critical exponents are in the same 
universality class as (one-species) DP. 

Corniile, H., and T. Platkowski. Exact solutions of a hierarchy of mixing 
speeds models, Saclay preprint SPhT/91-181. 
This paper presents several new aspects of discrete kinetic theory (DKT). 
First we propose a hierarchy of d-dimensional ( d =  1, 2, 3) models with 
(2d+ 3)-velocities and three moduli speeds: 0, 2 and a third one which can 
be arbitrary. We assume that the particles at rest have an internal energy 
which, for microscopic collisions, supplies for the loss of the kinetic energy. 
In a more general way than usual, we allow collisions which mix particles 
with different speeds. Second, for the (1 + 1)-dimensional restriction of the 
systems of PDE for these models which have two independent quadratic 
collision terms, we construct different exact solutions. We study the usual 
types of exact solutions: periodic solutions and shock wave solutions 
obtained from the standard linearization of the scalar Riccati equations 
that we call Riccatian shock waves. Then we find other types of solutions 
of the coupled-Riccati equations that we call non-Riccatian shock waves 
and compare them with the previous ones. The main new result is that, 
between the upstream and the downstream states, these new solutions are 
not necessarily monotonic. Further, for the shock problem, we solve 
numerically a two-dimensional dynamical system of ODE with limit values 
corresponding to the upstream and downstream states. As a by-product 
of our study, we propose two new linearizations for the Riccati coupled 
equations with two functions. 

Cornille, H. Shock waves for the two speeds 8Vi, 14V~ and 24V i discrete 
Boltzmann models with temperature, in Proceedings Euromech Colloquium 
267. Series on Advanced Mathematics for Applied Sciences, A. S. Alves, ed. 
(World Scientific, Singapore, 1991), pp. 131-143. 
For the discrete Boltzmann models in R q+ 1, q = 1, 2, 3, with two speeds 
x/q + 1, 1 or 2, the authors consider the shock waves along an axis for 
both the square 8vi, cubic 14v/, and hypercubic 24v/models. They satisfy 
two classes of q-dependent nonlinear equations and the main difference 
comes from the projections of the speeds along the axis which are either t 
or 1, 2. First the authors compare the two methods of shock wave solu- 
tions: either the Rankine-Hugoniot  relations for traveling waves or the 
similarity solutions. The first method does not always lead to positive cross 
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sections. Second we study the local entropy and temperature overshoots 
across the shock. 

Cornille, H. Exact (1 + 1 )-dimensional solutions to the multispeed discrete 
Boltzmann models, Nonlinear Dispersive Waves, Central Florida Con- 
ference SPhT/91-164, March 11-15 (1991). 
We present (1+ 1)-dimensional waves which are exact solutions of a 
hierarchy of discrete Boltzmann models (discrete velocities and densities) 
and which exhibit a dispersive behavior. A hierarchy is characterized by the 
number of independent densities, the number of independent collision 
terms and their system of (1 + 1 )-dimensional partial differential equations. 
These models include both the plane square eight velocity model and the 
cubic three-dimensional Cabannes model. They are multispeed discrete 
Boltzmann models with well-defined temperature. These (1 + 1)-dimen- 
sional exact solutions are, up to constants, the sums of two exact com- 
pressive shock wave solutions, traveling in opposite directions. 

Cornille, H. Exact periodic solutions for a class of multispeed discrete 
Boltzmann models, Nonlinear Coherent Structures in Physics, Saclay 
SPhT/91-086 June (1991). 
Only for multispeed discrete Boltzmann models can we obtain a well- 
defined temperature. Recently, different hierarchies of multispeed, multi- 
dimensional, (d> 1), discrete model have been characterized by their 
(1 + 1)-dimensional partial differential equation along one axis. Here, for 
the simplest hierarchy with five independent densities and two speeds 
which are 1 and either x/d or x/2, we construct (1 + l)-dimensional 
periodic solutions. The physical corresponding models are the planar 
square 8v i, d =  2 model and two three-dimensional 14vi, d =  3 models (one 
of them being the Cabannes model). 

Cornille, Henri. (1 + 1)-Dimensional hierarchies of multispeed discrete 
Boltzmann model equations, J. Math. Phys. (1991). 
We study multispeed discrete Boltzmann models in R d satisfying all conser- 
vation laws and leading to well-defined temperatures. The (1 + 1)-dimen- 
sional restriction of the system of partial differential equations satisfied by 
the densities of these models can be classified. One class is characterized, 
along a chosen coordinate, by the number and location of the independent 
densities and by the number and physical meaning of the independent colli- 
sion terms. Each class defines a hierarchy of partial differential equations 
which depends on the dimension, d, of a particular model in R a. We obtain 
different classes associated either with two velocity speeds, 1, x/~ and 1, 

x/d, 2, xf2, and 2, x/-d or three velocity speeds 0, 1, x//2 and 0, 2, x/~. Each 
class represents a d-hierarchy of a well-known discrete model. We discuss 
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the simplest exact solutions which are the similarity shock wave solutions 
and we compare them with the Rankine-Hugoniot solutions. 

Cornille, Henri. Exact solutions for two ten-velocity three-dimensional 
discrete kinetic models, C. R. Acad. Sci. Paris H :743-747 (1991). 
Recently Cabannes has obtained two discrete kinetic models for the 
applications to condensation and evaporation problems and Tiem has 
found an explicit class of periodic solutions. Here we construct exact 
solution, both self-similar solutions and periodic solutions sums of two 
self-self-similar complex conjugate waves which are positive for times, t/> 0. 
For the model with only cubic collision terms, we show that necessarily 
two different classes of solutions exist. 

Cornubert, R., D. d'Humi~res, and D. Levermore. A Knudsen layer theory 
for lattice gases, Physica D 47:241-259 (1991). 
A Knudsen layer theory is presented for lattice gases with arbitrary bound- 
ary conditions. Analytical results are obtained for two special orientations, 
these exhibit anisotropic Knudsen layers provided suitable conditions are 
satisfied. However, the standard boundary conditions used in previous 
simulations are shown to be isotropic, the bulk steady state extending 
everywhere in the gas. This theory allows a more accurate localization of 
the obstacle with respect to the lattice nodes. These results are in good 
agreement with the numerical simulations. 

Dab, David. Lattice gas automata: a microscopic approach to reactive 
systems (in French), Ph.D. dissertation, University of Brussels (1992). 

Dab, David, Jean-Pierre Boon, and Yue-Xian Li. Lattice-gas automata for 
coupled reaction-diffusion equations, Phys. Rev. Lett. 66:2535-2538 (1991). 
The authors present a lattice-gas automaton approach to coupled reaction- 
diffusion equations. This approach provides a microscopic basis for 
exploring systems which exhibit such interesting features as oscillatory 
behavior and pattern formation. Two-species systems are analyzed in 
detail. As an application of the formalism, the authors construct the 
microscopic dynamics for a system described by the Maginu equations; 
simulation results show excellent agreement with the phenomenological 
predictions. Most important is the result showing that they obtain Turing- 
type structures by a purely microscopic approach. 

Dab, David, A. Lawniezak, J. P. Boon, and R. Kapral. Cellular automaton 
model for reactive systems, Phys. Rev. Lett. 64:2462-2465 (1990). 
A method for construction of a variety of probabilistic lattice-gas automata 
for chemically reacting systems is described. The microscopic reactive 
dynamics gives rise to a general fourth-order polynomial rate law for the 
average particle density. The reduction of the microdynamical equations to 
a discrete or continuous Boltzmann equation is presented. Connection 
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between the linearized Boltzmann equations and a reaction-diffusion 
macroscopic equation is discussed. As an example of the general formalism, 
a set of cellular automata rules that yield the Schlogl phenomenological 
model is constructed. Simulation results are presented. 

d'Humi~res, D., Y. H. Qian, and P. Lallemand. Finding the linear 
invariants of lattice gases, in Computational Physics and Cellular Automata, 
A. Pires, D. P. Landau, and H. Herrmann, eds. (World Scientific, 
Singapore, t990), pp. 97-115. 
Hydrodynamical phenomena can be simulated by discrete lattice gas 
models obeying cellular automata rules with suitable restrictions on the 
crystallographic symmetries of the underlying lattice. However, the deriva- 
tion of the dynamical equations assumes that mass, momentum and even- 
tually energy are the only conserved quantities during the time evolution 
of the automata. We shall present here an exact method to find all the con- 
served linear quantities of any given model, a method which is equivalent 
to finding the null space of a matrix derived from the time evolution of the 
automaton. Thus, the algorithmic complexity is of order N 3, where N is 
the number of nodes of the lattice. We shall also give a faster method when 
the model is invariant under the translation group of the lattice. These 
results will be applied to several one- and two-dimensional models. Finally, 
we shall note that this method gives the linear invariants of any cellular 
automaton. 

Diemer, K. L., F. J. Alexander, S. Chen, and G. D. Doolen. A local lattice 
gas for fluids with adjustable miscibility, Los Alamos National Laboratory 
preprint (1992). 
We introduce a local lattice gas model for binary fluids with an adjustable 
parameter 2 which allows us to control the degree of miscibility. For 2 < ,tc 
the fluids are immiscible while for )o > 2c the fluids are miscible. This model 
is a variation on the one recently developed by Chen et al. In this paper, 
we present theoretical and numerical studies on the diffusive properties of 
the lattice gas. We demonstrate the utility of this model as a means of 
simulating flows in various geometries for binary fluids of arbitrary 
miscibility. 

Doolen, G. D. What can we hope for from lattice gas methods ?, in Lecture 
Notes in Physics 357: Whither Turbulence? Turbulence at the Crossroads, 
J. Lumley, ed. (Springer-Verlag, 1990), pp. 397409. 
Although the idea of using discrete methods for modeling partial differen- 
tial equations occurred very early, the actual statement that cellular 
automata techniques can approximate the solutions of hydrodynamic par- 
tial differential equations was first presented by Frisch, Hasslacher,. and 
Pomeau. Their description of the derivation, which assumes the validity of 
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the Boltzmann equation, appeared in the Physical Review Letters in April 
1986. It is the intent of this article to provide a description of the simplest 
lattice gas model and to examine the successes and inadequacies of a lattice 
gas calculation of flow in a two-dimensional channel. Some comments will 
summarize a recent result of a lattice gas simulation of flow through 
porous media, a problem which is ideal for the lattice gas method. Finally, 
some remarks will be focused on the impressive speeds which could be 
obtained from a dedicated lattice gas computer. 

Duarte, J. A. M. S., and U. Brosa. Viscous drag by cellular automata, 
J. Stat. Phys. 59(2):501-508 (1990). 
A simple method to compute the drag coefficient of two-dimensional 
bodies with arbitrary shapes is presented. The procedure is based on 
cellular automata as an extreme idealization of the molecular dynamics of 
a viscous fluid. The authors verify the algorithm by examples and obtain 
results in quantitative agreement with experiments even when eddies 
behind obstacles are formed. 

Dubrulle, B., and U. Friseh. Eddy viscosity of parity-invariant flow, Phys. 
Rev. A 47:5355-5364 (1991). 
A general formalism is developed to determine eddy viscosities for incom- 
pressible flow of arbitrary dimensionality subject to forcing periodic in 
space and time. The dynamics of weak large-scale perturbations is obtained 
by a multiscale analysis. The large-scale behavior is found to be formally 
diffusive (first order in time, second order in space) whenever the basic flow 
is parity invariant, that is, possesses a center of symmetry. The eddy 
viscosity is in general a fourth-order tensor, for which a compact represen- 
tation is provided. Explicit expressions of the eddy-viscosity tensor are 
given (i) for basic flow with low Reynolds numbers, and (ii) when the basic 
flow is layered, i.e., depends only on one space coordinate and time. A 
special class of layered flow is two-dimensional, time-independent parallel 
periodic flow, an example of which is the Kolmogorov flow. Such parallel 
flow acquires a negative-viscosity instability to large-scale perturbations 
transverse to the basic flow when the molecular viscosity becomes less 
than the r.m.s, value of the stream function of the basic flow. For flows 
presenting less symmetry than the Kolmogorov flow, the first large-scale 
instability is usually found not to be transverse, thus breaking the spatial 
periodicity of the basic flow. Such nontransverse instabilities, observed in 
a lattice-gas simulation on the Connection Machine, are reported in the 
companion paper by Hbnon and Scholl (following paper, Phys. Rev. A 43, 
5365 (1991)). 
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Dubrulle, B., U. Frisch, M. H6non, and J.-P. Rivet. Low viscosity lattice 
gases, Physica D 47:27-29 (1991). 
New three-dimensional lattice gas models with very low (and possibly 
negative) viscosities are studied theoretically and tested in numerical 
implementations. 

Dubrulle, B., U. Frisch, M. H6non, and J.-P. Rivet. Low-viscosity lattice 
gases, J. Stat. Phys. 59:1187-1226 (1990). 
A class of lattice gas models are studied which are variants of the "FCHC 
model." The aim is to achieve the highest possible Reynolds coefficient 
(inverse nondimensionalized viscosity) for efficient simulations of the three 
dimensional incompressible Navier-Stokes equations. The models include 
an arbitrary number of rest particles and violation of semi-detailed balance. 
Within the framework of the Boltzmann approximation exact expressions 
are obtained for the Reynolds coefficients. The minimization of the 
viscosity is done by solving a Hitchcock-type optimization problem for the 
fine-tuning of the collision rules. When the number of rest particles exceeds 
one, there is a range of densities at which the viscosity takes negative 
values. Various optimal models with up to 26 bits per node have been 
implemented on a CRAY-2 and their true transport coefficients have been 
measured with good accuracy. Fairly large discrepancies with Boltzmann 
values are observed when semi-detailed balance is violated; in particular, 
no negative viscosity is obtained. Still, the best model has a Reynolds coef- 
ficient of 13.5, twice that of the best previously implemented model and 
thus is about 16 times more efficient computationally. Suggestions are 
made for further improvements. It is proposed to use models with very 
high Reynolds coefficients for sub-grid-scale modeling of turbulent flows. 

Dufty, James. Time correlation functions and hydrodynamic modes for 
lattice gas cellular automata, in Microscopic Simulations of Complex Flow, 
M. Mareschal, ed. (Plenum Press, New York, t990), pp. 257-266. 
(No abstract) 

Eggert, Kenneth, Shiyi Chen, Bryan Travis, Daryl Grunau, Eugene Loh, 
and Frank Kovarik. Simulation of pore scale porous media flow using 
lattice gas methods, in Proceedings of SPE/UH Emerging Technologies 
Conference, July 5-7, 1990, (1990), pp. 269-279. 
(No abstract) 

Elton, B. H., C. D. Levermore, and G. H. Rodrigue. ~tability of lattice 
Boltzmann methods, in International Symposium on Computational Fluid 
Dynamics, Davis, California, preprint (1991). 
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Elton, B. H., C. D. Levermore, and G. H. Rodrigue. Lattice Boltzmann 
methods for some 2-D nonlinear diffusion equations: Convergence theory, 
preprint (1991). 

Elton, Bracy H. A numerical analysis of lattice gas and lattice Boltzmann 
methods in the computation of solutions to-nonlinear advective-diffusive 
systems, Ph.D. Thesis, University of California, Davis, California (1990). 
This dissertation introduces a numerical theory for the massively parallel 
lattice gas and lattice Boltzmann methods for computing solutions of non- 
linear advective-diffusive systems. The analysis covers convergence of the 
methods for periodic domains in two spatial dimensions. The convergence 
theory includes the discrete Chapman-Enskog expansion i n  obtaining 
consistency, and conditions of monotonicity in establishing stability. 
Convergence of some lattice methods is studied, including two for some 
two-dimensional nonlinear diffusion equations, one for the one-dimen- 
sional lattice method of lB. Boghosian and C. D. Levermore, Complex 
Systems/l(l ), 1987] for the one-dimensional Burgers equation, and one for 
a nonlinear two-dimensional advection-diffusion equation. Convergence is' 
formally proven for the first three methods, revealing that they are second 
order accurate, conservative, conditionally monotone finite difference 
methods. Computational results for all the lattice methods is presented that 
supports the theoretical results. In addition, a domain decomposition 
method using mesh refinement is presented for lattice gas and lattice 
Boltzmann methods. Computational evidence for lattice gas methods is 
reported, as the domain decomposition strategy is applied to a lattice gas 
for the one-dimensional viscous Burgers equation. 

Eiton, Bracy H., C. David Levermore, and Garry H. Rodrigue. Lattice 
Boltzmann methods for some 2-D nonlinear diffusion equations: Computa- 
tional results, in Proceedings of the Workshop on Asymptotic Analysis and 
Numerical Solution of PDEs (Argonne National Laboratory), H. Kaper, 
ed. (Marcel Dekker, New York, 1990), p. 197. 
In this paper the authors examine two lattice Boltzmann methods (that 
are a derivative of lattice gas methods) for computing solutions to two 
two-dimensional nonlinear diffusion equations of the form 

Ou (OD(u) u 

where u = u(x, t), x e R 2, v is a constant, and D(u) is a nonlinear term that 
arises from a Chapman-Enskog asymptotic expansion. In particular, 
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lB. Elton, "A Numerical Analysis of Lattice Gas and Lattice and Lattice 
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Ernst, M. H., and Das, S. P. Thermal cellular automata fluids, J. Star. 
Phys. 66:465 (1992). 
The concepts of local temperature and local thermodynamic equilibrium 
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The accurate numerical study of long-time tails in time-correlation func- 
tions requires large amounts of computer time. In some cases, the necessary 
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lattice gas, Physica D 47:53-63 (1991). 
Recently, lattice-gas methods have been introduced as a technique for the 
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We comment on the implications of this identification for the original 
lattice gas. 

Hasslaeher, B. Spontaneous curvature in a class of lattice gas field theories, 
Physica D 47:19-26 (1991). 
The authors describe a class of cellular automata having a natural 
lattice gas interpretation which also develop nonperturbative curvature 
singularities. Variations of these models could be useful in describing 
curvature transitions in crystals, membranes and superconducting 
materials. 

Hayot, F. Reynolds stresses in a lattice gas, J. Stat. Phys., this issue (1992). 
I use a previously proposed algorithm, based on L6vy walks, to calculate 
and discuss longitudinal and transverse velocity correlations in turbulent 
channel flow. The general approach is that of lattice gas hydrodynamics. 
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Enskog method. The ability of this kind of model to simulate thermal pro- 
cesses and chemical reactions at low hydrodynamic velocities is shown. 
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necessary. On the other hand, some problems appear that are specific to 
lattice gas models propose solutions to these problems. Furthermore, the 
authors give an overview of the current status of lattice gas algorithms with 
respect to applications in fluid flow. 

Somers, J. A., and P. C. Rein. Analysis of surface tension in two-phase 
lattice gases, Physica D 47:39-46 (1991). 
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viscous segregation, involving immiscible lattice-gas automata. Two-dimen- 
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The authors present a series of applications which demonstrate that the 
lattice Boltzmann equation is an adequate computational tool to address 
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summing terms in an infinite series. A diagrammatic notation for the terms 
in this series is given, in analogy with the Feynman diagrams of quantum 
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Bibliography 663 

v a n  tier Hoef, M. A., and D. Frenkel. Tagged particle diffusion in 3D lattice 
gas cellular automata, Physica D 47:191 197 (1991). 
The authors report simulations of tagged particle diffusion in three-dimen- 
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self-consistent mode-coupling theory. However, observation of a true 
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require simulations that are 15 orders of magnitude longer than is presently 
feasible. 

van der Hoef, M. A., D. Frenkel, and A. J. C. Ladd. Self-diffusion of 
colloidal particles in a two-dimensional suspension: Are deviations from 
Fick's law experimentally observable? Phys. Rev. Lett. 67:3459-3462 
(1991). 
Simulations of a colloidal particle suspended in a two-dimensional fluid are 
reported. The dissipative and fluctuating hydrodynamics forces acting on 
the particle are modeled by a lattice gas. Our results indicate that large 
long-time tails are present in both the translational and the rotational 
velocity correlation functions; these are the first observations of a rota- 
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transport with chemical reactions at mineral surfaces and in pore networks. 
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ability to study the inter-relationship between fluid flow and chemical reac- 
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of the eigenspace with eigenvalue 1 of a linear operator related to the lat- 
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In this chapter, I will review some of the work that Leo Kadanoff, Guy 
McNamara and I have done on the study of the hydrodynamic behavior 
of Lattice Gas Automata, a technique that was recently proposed by Uriel 
Frisch, Brosl Hasslacher, and Yves Pomeau for the numerical solution of 
the incompressible Navier-Stokes equation. In our work we have been 
mainly concerned with testing the theoretical understanding of the LGA 
mode. We probed the hydrodynamical behavior of the LGA first with a 
gross check, based on a two-dimensional channel flow, later with a rather 
delicate check based on a peculiarity of two-dimensional fluids: the infrared 



Bibliography 667 

divergence of transport coefficients. The LGA reproduced quite accurately 
the parabolic momentum density profile expected in the simulation of the 
channel flow. However, in the delicate check there is a discrepancy of about 
30% between the simulation results and theory. We have been able to 
explain this discrepancy, but in doing so we have discovered that the 
hydrodynamic behavior of this simple lattice gas automata is actually more 
complicated than the behavior of simple fluids. 
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The Ruijgrok-Cohen (RC) mirror model [Phys. Lett. A 133, 415 (1988)] 
of a Lorentz lattice gas, in which particles are reflected by left and right 
diagonally oriented mirrors randomly placed on the sites of a square lat- 
tice, is further investigated. Extensive computer simulations of individual 
trajectories up to 224 steps in length, on a lattice of 65536 x 65536 sites, are 
carried out. This model generates particle trajectories that are related to a 
variety of kinetic growth and "smart," (nontrapping) walks, and provides 
a kinetic interpretation of them. When all sites are covered with mirrors of 
both orientations with equal probability, the trajectories are equivalent 
to smart kinetic walks that effectively generate the hulls of bond percola- 
tion clusters at criticality. For this case, 106 trajectories were generated, 
yielding with unprecedented accuracy an orbit size-distribution exponent of 

=2.1423 +0.0003 and a fractal dimension of dF = 1.75047 +0.00024 
(without correcting for finite-size effects), compared with theoretical predic- 
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shown to exhibit an Ornstein-Uhlenbeck type of behavior. 
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